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Abstract. Calculations of the Gilbert damping parameter alpha for bulk Ni are presented
as a function of the spin-dependent Lorentzian broadening of the one-electron states. The
Kambersky formula for alpha is used, correctly restricted to second order in the spin-orbit
parameter so that intra band terms are suppressed, and the spin-dependent broadening is
deduced from the recent calculations of electron lifetimes due to electron-phonon scattering
by Carva et al. The calculated value of alpha for Ni at room temperature is in reasonable
agreement with experiment.
1. Introduction
New calculations are presented of the Gilbert damping parameter α in bulk ferromagnetic
transition metals which arises from spin-orbit coupling (SOC). We follow previous work [1, 2]
by using the Kambersky formula [3] in which the eﬀect of impurity and phonon scattering is
simulated by a Lorentzian broadening Γ of the one-electron states. However it has recently been
shown [4] that the Kambersky formula is only valid to second order in the spin-orbit parameter
ξ, so that the one-electron states in the formula must be calculated in the absence of SOC.
Failure to apply this restriction, as in most existing calculations [1, 2], results in α diverging
in the limit of a pure metal at T = 0 which corresponds to Γ → 0. The striking diﬀerence at
low Γ between calculations of α with and without SOC in the band structure is shown for Fe
and fcc Co in [2]. Qualitative comparison between calculations of this type and the observed
temperature dependence of α [5] may be made with the reasonable assumption that Γ increases
with T owing to phonon scattering. The observed rapid increase of α as T decreases below 100K
in Ni and hcp Co is often quoted [3, 1] in support of calculations using the Kambersky formula
with SOC included in the band structure. However the observed temperature independence of
α in Fe is in agreement with the calculation with SOC not included [2].
Here we report on new results for bulk Ni, which correctly exclude SOC in the band structure
and use special techniques to calculate α down to the very low values of Γ appropriate to a pure
metal at low temperature. It is found that α increases as Γ decreases to low values which
is consistent with the observed temperature dependence. Additionally, in our calculations we
include a spin-dependent broadening of electron states, obtained from ﬁrst principles calculations
of electron lifetimes due to electron-phonon scattering [6].
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2. Calculation of the Gilbert damping constant
The calculation of the Gilbert damping constant proceeds from the Kambersky formula
α =
π
μs
∑
n,m
1
ΩBZ
∫
dk |Anm(k)|
2 L(εF − εn(k),Γn)L(εF − εm(k),Γm), (1)
which is the same as that used in [2], for bulk materials, when the temperature T = 0. Here μs
denotes the spin magnetic moment per atom (in units of the Bohr magneton μB), εF is the Fermi
energy, and the integral is over the three dimensional Brillouin zone of volume ΩBZ . The sum
is over all energy eigenstates n, with energy εn(k) (which includes both majority and minority
state electrons). The spin-orbit torque matrix element Anm, is given by
Anm(k) = ξ < k, n|[S
−,HSO]|k,m >,
where S− = Sx − iSy =
1
2
(σx − iσy) is the spin lowering operator and ξHSO is the one
electron spin-orbit interaction with coupling constant ξ. The Lorentzian functions are deﬁned
as L(ε,Γn) = (Γn/2π)/(ε
2 + Γ2n/4) where Γn is the spin-dependent electron-scattering rate.
It is important to realise that, as shown in [4], this expression for α is only valid to second
order in ξ and therefore, the eigenstates |k, n > must be calculated in the absence of SOC. In
previous publications [3, 1] this point has been overlooked leading to non-zero diagonal (intra-
band) terms Ann. Such terms give rise to the result that α diverges as Γ → 0, which corresponds
to the unphysical prediction that Gilbert damping becomes inﬁnite at T = 0 in a pure metal.
In this communication we calculate equation (1) within the tight-binding model, using s,
p and d atomic orbitals, obtained by ﬁtting ab-initio energy bands of bulk metals [7]. Even
within this relatively straightforward approach, the calculation of α is computationally extremely
demanding for small Γ. This is because the Lorentzians become very narrow and hence the
contribution to the integral over k becomes localised to a small region around the Fermi-surface
in the three dimensional Brillouin zone. As a result, we typically require 8003 k-points for a
tolerable convergence of the integral for Γ ≥ 0.002eV.
However the three-dimensional integral, over (kx, ky, kz), can be converted to a two-
dimensional one, over (kx, ky), by use of a novel trick. For each (kx, ky), the positions of the
Fermi-surface branches can be determined exactly by ﬁnding the eigenvalues of the matrix
X =
(
0 t−1
−t† (ε− u)t−1
)
where u is the tight-binding on-site potential and t is the hopping matrix [8]. As a result, the
peaks of the Lorentzians can be determined exactly and analytic approximations to the integral
over kz can be used. This results in a signiﬁcant reduction in the number of k-points required to
achieve convergence for small Γ. For example, to obtain convergence for Γ ≥ 0.002eV, we now
only require 8002 k-points.
3. Discussion of results
In ﬁgure 1, we see the eﬀect of wrongly including the intra-band transitions in the calculation
of α for bulk Ni (black curve). In this ﬁgure, we take a spin-independent Lorentzian broadening
Γ = Γ↑ = Γ↓, and as Γ → 0, the value of α is seen to dramatically increase (without limit) below
Γ = 0.05eV. On the other hand, the value of α correctly calculated to second order in ξ (red
curve) remains relatively ﬂat but displays a slight minimum around Γ ≈ 0.02eV.
In ﬁgure 2 we plot our new results for α over an enlarged scale, both with spin-independent
(red curve) and with spin-dependent (black curve) Γ included. The spin dependent values of Γ
at the Fermi surface are obtained from the spin resolved electron lifetimes τσ = {τ↑, τ↓}, given
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in references [6] and [9], by using the relation Γσ = h¯/2τσ. We observe that even without the
intra-band terms α begins to increase for Γ ≤ 0.02eV.
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Figure 1. α against scattering rate
for bulk Ni, with and without intra-
band terms included. Here Γ =
Γ↑ = Γ↓.
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Figure 2. α against scattering
rate for bulk Ni, with and spin-
dependent and spin-independent
scattering. Here the horizontal axis
denotes Γ = Γ↑ = 0.53Γ↓.
We note that, using the results of references [6] and [9] for bulk Ni, room temperature
corresponds to a value of Γ↑ = 0.0029eV. Hence our value of α at room temperature is predicted
to be αRT ≈ 0.01 (see ﬁgure 2). Experimental values for α can be deduced from the ferromagnetic
relaxation frequencies λ measured by Bhagat and Lubitz [5]. They ﬁnd that for pure Ni at room
temperature λ ≈ 2.3 × 108 sec−1, which corresponds to a measured value of αexpt ≈ 0.025, in
reasonable agreement with our predicted result.
4. Conclusion
We have presented calculations of the Gilbert damping parameter α for bulk Ni as a function
of the Lorentzian broadening Γ of the one-electron states. These calculations are based on
Kambersky’s formula, correctly evaluated to second order in the spin-orbit coupling parameter
ξ, using both spin dependent and spin-independent values of Γ. In both cases we ﬁnd that α
increases below Γ ≈ 0.02eV. We intend to calculate α at lower values of Γ than conventionally
possible, using a novel technique, in order to determine its predicted behaviour as T → 0.
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